Abstract. It is known that the underlying spaces of all abelian quotient singularities which are embeddable as complete intersections of hypersurfaces in an affine space can be overall resolved by means of projective torus-equivariant crepant birational morphisms in all dimensions. In the present paper we extend this result to the entire class of toric local complete intersection singularities. Our strikingly simple proof makes use of Nakajima's classification theorem and of some techniques from toric and discrete geometry.
1. Introduction. 1.1. Motivation. In the past two decades crepant birational morphisms were mainly used in algebraic geometry to reduce the canonical singularities of algebraic (not necessarily proper) d-folds, d > 3, to β-factorial terminal singularities, and to treat minimal models in high dimensions. From the late eighties onwards, crepant full desingularizations Y -• Y of projective varieties Y with trivial dualizing sheaf and mild singularities (like quotient or toroidal singularities) play also a crucial role in producing Calabi-Yau manifolds, which serve as internal target spaces for non-linear supersymmetric sigma models in the framework of physical string-theory. This explains the recent mathematical interest in both local and global versions of the existence problem of smooth birational models of such Y's.
Locally, the high-dimensional McKay correspondence (cf. [IR, R] ) for the underlying spaces C d /G, G C SL(J, C), of Gorenstein quotient singularities was proven by Batyrev [B, Theorem 8.4] . It states that the following two quantities are equal: the ranks of the non-trivial (=even) cohomology groups H 2k (X, C) of the overlying spaces X of crepant, full desingularizations X -• X = C d /G on the one hand and the number of conjugacy classes of G having the weight (also called "age") k on the other. Moreover, a one-to-one correspondence of McKay-type is also true for torus-equivariant, crepant, full desingularizations X -> X = X σ of the underlying spaces of Gorenstein toric singularities [BD, §4] . Again, the non-trivial (even) cohomology groups of the X's have the "expected" dimensions, which in this case are determined by the Ehrhart polynomials of the corresponding lattice polytopes. Thus in both situations the ranks of the cohomology groups of X's turn out to be independent of the particular choice of a crepant resolution. Also in both situations, a crepant resolution exists always 2000 Mathematics Subject Classification. Primary 14M25; Secondary 14E15, 14M10, 52B20. The first author is a GSRT-fellow supported by the European Union and the Greek Ministry of Research and Technology; the second author is supported by the graduate school Άlgorithmische Diskrete Mathematik', DFG grant GRK 219/3; the third author is supported by a DFG Gerhard-Hess-Forschungsforderungspreis (Zi 475/1-2). if d < 3, but not in general: for d > 4 there are, for instance, lots of terminal Gorenstein singularities in both classes.
We believe that a purely algebraic, sufficient condition for the existence of projective, crepant, full resolutions in all dimensions is to require our singularities to be, in addition, local complete intersections (l.c.L's) . In the toric category, where the existence question can be translated into a question concerning the existence of specific lattice triangulations of lattice polytopes, this conjecture was verified for abelian quotient singularities in [DHZ98] via a Theorem by Kei-ichi Watanabe [W] . (For non-abelian groups acting on C d , it remains open.) Furthermore, the authors of [DHZ98, cf. §8(iii) ] asked for geometric analogues of the joins and dilations occuring in their Reduction Theorem also for toric non-quotient l.c.i.-singularities. As we shall see below, such a characterization (in a somewhat different context) is indeed possible by making use of another beautiful Classification Theorem, due to Haruhisa Nakajima [N] , which generalizes Watanabe's results to the entire class of toric l.c.i.'s. Based on this classification we prove the following: An extended version of this paper is electronically available as [DHaZ] . Families of Gorenstein non-l.c.i. toric singularities that have such special full resolutions seem to exist only rarely. For a discussion of this problem for certain families of abelian quotient non-l.c.i. singularities the reader is referred to [DHH, DH, DHZ99] 
let pos(S) denote the set of all real, non-negative linear combinations of elements of S. A set σ C R d is a cone if it equals pos(S) for some S. A cone σ is polyhedral if its generating set S can be chosen to be finite, and rational if, in addition, one may have S C Z d . If σ Π (-σ) = {0}, we say that σ is pointed. A cone is simplicial if it is generated by an /^-linearly independent set. A simplicial cone is unimodular if it is lattice equivalent to the cone generated by the standard basis in R dimσ . If P c R d~ι is a lattice polytope, then
is a pointed, rational cone which will be referred to as the cone spanned by P. Given a (rational/polyhedral) cone σ, the set σ v = {x e (/? J ) V : (x, σ) > 0} is also a (rational/polyhedral) cone, the dual cone of σ. A set of the form {y e σ : (x, y) = 0} for fixed x e σ v is a/αce of σ. 1.2.2. A polyhedron is a finite intersection of closed halfspaces in R d . A polyhedral complex Σ is a finite collection of polyhedra such that the faces of any member belong to Σ and such that the intersection of any two members is a face of each of them. The support \ Σ | of such a Σ is the union of its members. A single polyhedron together with all of its faces forms a polyhedral complex that we denote by the same symbol as the single object. We say that Σ' is a subdivision of Σ if every polyhedron in Σ' is contained in a polyhedron of Σ and \Σ f \ = \Σ\. A polyhedral complex that consists of rational pointed cones is a fan, whereas a polyhedral complex all of whose members are lattice polytopes will be called a complex of lattice polytopes. A fan is simplicial (resp. unimodular) if all of its members are. A complex of lattice polytopes T that subdivides | Σ | into simplices is a {lattice) triangulation. A lattice triangulation is unimodular if its faces are.
An integral Σ-linear convex support function is defined to be a continuous function
which is affine on each σ e Σ, and convex on the entire \Σ\. If the domains of linearity of such an ω are exactly the maximal polyhedra of Σ, then ω is said to be strictly convex. For a polyhedral complex Σ that is equipped with an integral i7-linear strictly convex support function ω, we write Σ = Σ ω , and call Σ coherent. 1.3.2. Throughout the paper we consider only complex varieties (X, Oχ), i.e., integral separated schemes of finite type over C, and work within the analytic category. The algebraic properties of 1.3.1 can be defined for the whole X via its affine coverings, and pointwise via the stalks Oχ, x of the structure sheaf at x e X. By Sing(Z) = {x e X : Oχ ?x non-regular} we denote the singular and by Reg(X) = X \ Sing(X) the regular locus of X. A partial desingularization f : X -> X of X is a proper holomorphic morphism of complex varieties with X normal, such that there is a nowhere dense analytic set S C X, with S Π Sing(X) φ 0, whose inverse image f~ι(S) C X is nowhere dense and such that the restriction of / to X \ f~ι (S) is biholomorphic. / : X -• X is called Άfull desingularizatίon of X (or full resolution of singularities of X) if Sing(X) c 5 and SingCX) = 0. 
If σ = σp is spanned by P, we also write Xp instead of X σp . A general tone variety XΣ associated with a fan Σ is the identification space XΣ '•= ([_\ σE Σ Xσ)/~ over tne equivalence relation ~ defined by the property: X σι 3 u\ ~ U2 £ X σi if and only if there is a face τ of both σ\, <72, and u\ = u^ within X τ . XΣ is always normal and Cohen-Macaulay, and has at most rational singularities. Moreover, XΣ admits a canonical group action which extends the multiplication of the algebraic torus Xjo} = (C*)
d . This action partitions XΣ into orbits that are in one-to-one correspondence to the faces of Σ. We denote by D σ the closure of the orbit corresponding to σ. The notion of equίvariance will always be used with respect to this action. We refer to [E, F, KKMS, O] for further reading.
2. From the dictionary. In this section, we review some entries of the dictionary that translates between convex and toric geometry. It is well-known that projective full desingularizations always exist for any XΣ (see [KKMS, §1.2] ). Nevertheless, asking about conditions under which such /Jr, are, in addition, crepant, for XΣ Gorenstein, leads to an existence problem of special lattice triangulations which is subtle in general.
Gorenstein property

Crepant resolutions via triangulations.
Let Xp be the underlying space of a Gorenstein toric singularity defined by means of the cone σ = σp. Let Σ f denote a simplicial subdivision of σ. Then Kχ p is trivial, XΣ 1 is β-Gorenstein, and the discrepancy with respect to the partial desingularization morphism f°f equals
The summation is taken through all one-dimensional faces ρ f of Σ' not belonging to σ, and μ ρ /'s are rationals > -1. If XΣ> itself is Gorenstein, then these coefficients are non-negative integers and can be written as μ Q < = (l σ >, p(o r )) -1 (with t σ ι as defined in 2.1 for every maximal cone σ' e Σ', cf. [F, p. 61] 
. , 0) e P (i) }).
Call g admissible if (g/, x) > 0 for all x e P {i) . For g admissible we call P Q := P (r+1) the Nakajima poly tope or lei poly tope associated to g. CLASSIFICATION THEOREM 2.6 (Nakajima [N] Figure 1) . PROOF. Let g be an admissible sequence. Then the corresponding Nakajima polytope P Q has the following description by inequalities:
: x\ = 1 andO < JC /+ I < (g/, x) for 1 < / < d -1}, so that PQ can be reconstructed from the facet F -P §> and g = g r , where g' is the truncated sequence (gi,... , g r -i) Conversely, given the situation (2.1), F is some P Q >. Then we can append g to g r and obtain an admissible sequence for P. D 3. Proof of the main theorem. By Proposition 2.4 and Theorem 2.6 we reduce the proof of Theorem 1.1 to the existence of coherent unimodular triangulations for all Nakajima polytopes of any dimension. We do not lose generality if we henceforth assume that the considered Nakajima polytope P c R d is full-dimensional. (Otherwise, σp = dp Θ {0} leads to the splitting Sing(Xp) = Sing(X^p) x (C*) d~άιm p which does not cause any difficulties for our desingularization problem.) We shall proceed by induction on the dimension of P. Zeroand one-dimensional polytopes always admit unique such triangulations. For the induction step we proceed as follows: According to Lemma 2.7, we may assume that for a given P β , the facet F (as in (2.1)) is already endowed with a coherent unimodular triangulation 7>. This triangulation induces a coherent subdivision
of P Q into "chimneys" over the simplices of 7/r. The second step is to refine Sp coherently by "pulling vertices" until we obtain a triangulation into elementary simplices. (Cf. Figure 2. ) We shall prove that any such triangulation is automatically unimodular.
DEFINITION 3.1 (Pulling Vertices; cf. [L] ). Consider a polytope P c R d and let S be a subdivision of P. For any uePwe define a refinement pull^GS) of S (called the pulling of v) by the following properties:
(
i) pu\\ v (S) contains all Q e S for which v φ Q, and (ii) ΊfυeQeS, then pull^GS) contains all the polytopes conv(F U v), where F is a facet of Q such that v £ F.
If S is coherent, with S = S ω as in §1.2, then pull^iS) is obtained by "pulling v from below". This means that, defining ω'(v) = ω(v) -ε for ε small enough, and ω' = ω on the remaining lattice points, and extending ω' by the maximal convex function ω" whose values at the lattice points are not greater than the given ones, we get pull u ( t S) = S ω ». Hence:
LEMMA 3.2 (Coherency of Pullings). If S is coherent, then so is pull^e?).
We revert now to the initial subdivision S = Sp of a Nakajima polytope P. Fix an arbitrary ordering {v\,... , Vk] of all lattice points of P Π Z d , and define the new subdivision
Tp is a lattice triangulation of P, and is coherent by Lemma 3.2. It remains to show that Tp is unimodular. PROOF. We can assume that $ is full-dimensional. After a unimodular transformation of R d~ι we can suppose that s f is the standard (d -l)-simplex. After a translation in the last coordinate, s contains the origin. Now we can shift the lines π ~ι (e, ) independently so that we finally obtain a simplex with non negative last coordinate that contains 5^~^ x {0}. The fact that 5 is elementary implies that the additional vertex has the last coordinate 1. D PROOF OF THEOREM 1.1. By construction, all simplices of the above lattice triangulation 7/> are elementary because P ΠZ d coincides with the set of vertices of 7/>. Since their projections under π are unimodular simplices of 7/r, they have to be unimodular themselves by the Chimney Lemma. D 4. Applications.
Computing Betti numbers.
In this paragraph we are interested in the cohomology groups of XΣ' They are trivial in odd dimension and their ranks in even dimensions can be calculated from the admissible sequence g by combinatorial means, as we now explain.
Let P C R d be a lattice polytope. Then the number of lattice points in kP (k e Z>o) is a polynomial from Q [k], the so-called Ehrhart polynomial:
The corresponding Ehrhart series 
These are actually the only numbers one needs for the computation of the desired ranks by the following: THEOREM 4.1 (Cohomology Ranks [BD] ). Let /£f : X Σ > -> Xp be any equivariant crepantfull resolution. Then if k is odd.
In particular, these ranks are independent of the choices of the unimodular triangulation T of P by means of which one constructs the fan Σ r = Σ f (T).
In our specific case, where P is lattice equivalent to a P Q , one deduces for its dilations:
by making use of the inequalities (2.2). Thus, the Ehrhart polynomial of PQ equals
Writing it in an extended form we first determine its coefficients ai(P Q ) and then compute the cohomology ranks according to 
Nakajima polytopes are Koszul. A graded C-algebra R = φ />0
Ri is a Koszul algebra if the /?-module C = R/m (for m a maximal homogeneous ideal) has a linear free resolution, i.e., if there exists an exact sequence of graded free /^-modules all of whose matrices (determined by the φ ι -'s) have entries which are forms of degree 1. Every Koszul algebra is generated by its component of degree 1 and is defined by relations of degree 2.
The algebra R = C[σp ΠZ d+ι ] associated with a lattice polytope P c R d has a natural grading
Bruns, Gubeladze and Trung gave a sufficient condition for the Koszulness of P. In order to formulate it, we need the notion of a "non-face" of a lattice triangulation T of P. (F) is; otherwise F is said to be a non-face. Let n^ e n be a vertex with maximal m and «|Gna vertex with minimal M. Since n is a non-face, we have m(n^) > M(n^). Hence n^ and rc^ do not belong to a common maximal simplex, and {/t^, ΛZ^} is therefore a 1-dimensional non-face of Tp.
In the second case, by induction π (n) contains a 1-dimensional non-face of 7>. Any two vertices in n with this projection form a 1-dimensional non-face of Tp. D 5. Examples. In this section we apply our results to two classes of examples which are "extreme" in the sense that they achieve the lowest respectively highest possible numbers of faces of a (d-1)-dimensional Nakajima polytope. Moreover, we give the concrete binomial equations for the underlying spaces Xp of the corresponding I.e.i.-singularities, and present closed formulae for the cohomology ranks of the overlying spaces XΣ of any crepant full desingularization XΣ -> Xp.
Dilations of the standard simplex. Our first class of examples is the family of dilated standard simplices k^d~x\
These polytopes have the Nakajima description P g by the admissible sequence g = (ke\, e2,... , e^-i) and, being simplices, they achieve for all / the minimal number of /-faces any (d -l)-polytope can have. This P g spans the cone σ = {x e R d : 0 < xj < ... < JC2 < kx\}, and its dual cone equals The semigroup σ v Π Z d has the Hubert basis (minimal generating system) Ίϊ = {fi, ... , f^, g}, with fi =ed, f / = e, -e/+i for / = 2,... , d -1, fj = fcei -e2 and g = ej. Introducing variables U[ and t to correspond to the evaluation of the torus characters at f, and g, respectively, we see that there is only one additive dependency (kg) -(Σ t) = 0, which means that
After computing the coefficients of the Erhart polynomial of ks^d~{\ we obtain by Theorem 4.1 the following formula for any equivariant crepant full desingularization /£ :
Besides the triangulations of k$^d~^ constructed by the inductive procedure of Section 3, there is also another coherent unimodular triangulation which is directly induced by a hyperplane arrangement. The families of hyperplanes
and
form an arrangement 9) that triangulates the entire ambient space R d coherently and unimodularly. Since the facets of k$^d~^ span hypeφlanes of $), it is enough to consider the restriction of this f)-triangulation to ks^d~ι\ The advantage of this new triangulation is the uniform nature of its vertex stars. (A vertex star consists of the union of all simplices which contain the reference vertex.) The cones spanned by the simplices of each triangulationvertex which is not a vertex of ks^d~^ determine a fan defining an exceptional prime divisor of /£ : XΣ -> Xσ-In particular, the compactly supported exceptional prime divisors of /£ correspond to the vertices lying in the interior of k$^d~^ and the star of each of them is nothing but the S) -triangulation of a polytope which is lattice equivalent to the lattice zonotope Note that this example also admits the ή-triangulation discussed in 5.1.
